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I N T  RODU CTION 

T h i s  stiidy d e t e r m i n e s  the rad ius  of con\  e r g e n c e  of  t h c  1 I \  ior   it - 

expansion in t i m e  of the  coord ina tes  r ep resen t ing  the  motion o t  ar. a r t l f i < , a i  
s a t e l l i t e  :<long an el l ipt ic  path.  

An eca1,iation of the t runca t ion  e r r o r s  of t he  t ime s c r i c ' F :  I - ,  ~ 1 1 ~ 0  p i v c i ,  
3 5 

tn  f i ( t  \ ,311t i  Oit  ), w h e r e  t i s  the length of the  t i m c  in tqrva l ,  for t l L r ,  1 a % +  .- 
! , I ~ ~  s . r . ~ ~ , - s t  rscii is of convergent e .  
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' C  The Cartesian coordinates of a point moving in a Keplerian 
I elliptic orbit may be expressed in time-series expansions. This paper 

is  an investigation of the convergence and truncation e r ro r  in these 

expansions 

A. Radius of Convergence of Time-series. 

1. 

c 
The coordinates of elliptic motion at time t, 

may be expressed by: 

* .  
where ( to ~ 71, 1 and ( $o , :jo ) a r e  the position and velocity at time to. 

The functions f and g a r e  the well-known Lagrangian power series in 

t - to. Putting: 

1 t - t o  (in normalized units) 
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it  may be shown that: 

where the f i rs t  six coefficients of the, power series a re  givc ,n  hv: 

We will now investigate the validity of the series expansion(4), 

following the general method used b y  Moulton 

and Andoyer [3] 

of power series expansions for the Cartesian coordinates of planetary 

motion. In particular, Moulton gives a table of the radius of conver- 

gence as a function of the eccentricity e and the value of mean anomaly 

at  time to, Mo, for  elliptic orbits with a semimajor axis a of L .  65  a s -  

tronomical units. 

planets. 

17 , Charlier [ L j  , 
, in their investigations of the radius of convergence 

- 
- 

This corresponds to the  average orbit of the minor 

We have computed similar tables, corresponding to orbits of rtr- 

tificial Earth satellites and lunar probe trajectories. 

section outlines the  analytical method employed in constructing these 

table s . 

The following 
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2. In lieu of the power-series expansions (4), consider the 
- s ,  

closed expressions for f and g given by Kiihnert [ 4 ]  , 

where 10 
& = L C E - E , )  a 

Since f and g a r e  entire functions of E. , they may be written 

a s  power ser ies  in , which converge fo r  all & . Combining 

Since E i s  a function of E, and E a function of M, we can write 

Let RM0 be the radius of convergence of this power series. By inserting 

(9) into (8) and rearranging terms,  we can express f 
ser ies  of M - Mo, or  equivalently, a s  power series o f t m  t - to. 
would lead again to the Lagrangian expansions (4). 

and 9 as power 
This 

Hence, f o r  any M 
.- . 

c 

such that 
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the power series (4) a r e  convergent. 

-- 

I C -  Thus, the problem may be reduced to finding the radius of con- 

vergence R M ~  of series (9). 

between Mo and the singularity of the function E(M) closest to  Mo. 
Since EM) is  implicitly defined by 

This radius of convergence i s  the distance 

M I E - e sin E 

the singularities of E(M) satisfy the equation 

1 - e c o s E r O  

It i e  easy to show that these eingularities a r e  given by 

where k i s  any integer, and o( i s  defined by 

I coshoc 't - 
e 

We may therefore write 

By restricting Mo to the interval [Or, T ]  , we obtain the following 

expressinn for the radius of convergence: 
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R,, may now be written as  a function of time: 
IVL 

It i s  w4,rth noting that o( - tanhw 

~i e, 

(in normalized 

can be written 

units) (1 7 )  

as  an explicit functio!, 

( 1  :i) 

3 ,  T h e  tables of radii of convergence were constriit ted i l l  th r v '  

qteps. 

F i r s t ,  formula (18) was evaluated for different valrie:, the et-- 

centricity F! ( 0 6  e 4 I ). 

applied fo r  different values of Mo ( 0 5 h, 5 R ). 
of values (e, MJ, the radius eo was computed by formula ( I  7 ) ,  f n r  

different values of a. 

Then for each value of e ,  formtila ( l h )  ~ v a 4  

Finally, f o r  e a c h  p t i r  

The ranges of e and a for which tables were constructed 'T e r e  

chosen to correspond to typical orbits of artificial Earth Satellites an'i 

lunar probes,  the latter being very elongated ellipses. 

The m - o  tables found in the Appendix are: 

TabieI. (Earth Satellite orbits): Mo SI 0" (1 8") 1 nl," 

e XI . 0 5  (. 05) . 40 

a = 1.1 (. 1)  2 . 0  

Table IT. (Lunar trajec taries): M, = O 0 ( l o )  10" 

e 

a I 30. ( 1 . )  -46. 

= . 85 (. 0 1 )  . , )d 

These tables were computed on an IBM 7090 computer. 

B. Truncation Er ro r  Investigation 

The truncation e r ro r  in the time-aeries expansionsof the coordinafr. s 

and 7 can easily be estimated by evaluating the differences 
i -..̂ _I- 
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t . 
where f I 7 a r e  values obtained from the closed expressions (6), and 

$), f' are  obtained from the time-aeries expansions (4), using only 

terms up to  o r d e r g ,  where n i e  specified. Practically, we have eva- 

luated the truncation e r ro r s  corresponding to the cubic and quintic ap- 

proximations to the f and g series,  for typical Earth Satellite orbits, 

with preassigned values of the eemi-major axir a ,  and eccentricity e. 

Similarly, the truncation e r ro r  in the time-series expansions of 

the velocity components f and i may be estimated by evaluating the 

differences 

8 

a r e  given by i where 4 and 

and $ln' and a r e  the derivatives of the truncated series of order n. 
t 

To start the computations, it har been assumed that the satellite 

is a t  perigee (i. e. Mo a 0), at origin of time to. At  perigee, the initial 

values of poeition and velocity a r e  

$,, Q ac1-e) > 
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The closed expressions and truncated power series a r e  then - *  
evaluated at equally spaced intervals of time t., 

1 

t. = t t i A t  (At 5 sec. ,  i = 0 -+ 6 0 )  
1 0  

The same general computation is then repeated taking another value 

of M as the origin, and recomputing the initial position and veiocity. 
0 

The results of these computations have been plotted in Firziires 1 - 4 
of the appendix. Graphs of I r - r(n) I , I V - V(n) l ,  and d 'f (4 

a r e  given, where 

. \  
and d 'f (n) is the angle between the position vectors ( $  4) ) and c: I 

. 
Since the truncation e r ro r  is largest  for M = 0, where the radius 

o 

of convergence of the power series i s  the smallest, the graphs of the 

truncation e r ro r  a s  a function of time have been provided for this case. 
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